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In recent years, extraordinary spin angular momenta have been investigated in a variety of struc-
tured electromagnetic waves, being of especial interest in sub-wavelength evanescent fields. Here
we demonstrate analytically that, in planar and cylindrical waveguides supporting transverse elec-
tric/magnetic modes, transverse spin density arises inside the waveguide (different from the spin
induced in the evanescent region outside the waveguide), carrying indeed longitudinal extraordinary
(so-called) Belinfante’s spin momentum. Such contribution depends linearly on the mode trans-
verse wave vector, and is thus induced by mode confinement. Cylindrical waveguides support in
addition hybrid modes that exhibit a richer phenomenology with not only azimuthal (confinement-
related) spin, but also an intrinsic helicity which leads to longitudinal spin density and transverse
helicity-dependent spin momentum. Results are indeed presented for configurations relevant to spin-
orbit coupling in nanophotonic waveguides and to manipulating optical forces in IR-to-microwave
water-filled channels. Thus guided modes intrinsically carrying confinement-induced transverse spin,
combined with intrinsic-helicity-induced longitudinal spin (when hybrid), hold promise of superb de-
vices to control spin-orbit interaction and optical forces within confined geometries throughout the
electromagnetic spectra.
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Introduction
Spin and orbital angular momentum has been a sub-
ject of fundamental interest since long ago. Recall that
plane waves carry longitudinal orbital angular momen-
tum (OAM) given by its wave vector, and also longi-
tudinal spin angular momentum (SAM) arising from its
intrinsic helicity due to circular polarization; they can be
associated to, respectively, spatial and polarization de-
grees of freedom that can be straightforwardly separated
in paraxial wavefields. Nonetheless, recent work carried
out on SAM and OAM in a variety of optical fields be-
yond paraxial fields [1–5] reveals a wealth of spin-orbit
interactions (SOI) of light that are attracting a great deal
of attention nowadays [6].
In this regard, non-paraxial, subwavelength-structured
wavefields appear naturally in Plasmonics and Nano-
Optics. Therein the vector nature of electromagnetic
waves has to be fully accounted for, so that spatial and
polarization properties can no longer be decoupled, lead-
ing to a variety of novel phenomenology and functional-
ities at the nanoscale where spin-orbit interactions play
a crucial role [6]. Particularly relevant and widespread
in nano-optics is the emergence of transverse SAM, theo-
retically described in connection with evanescent waves:
such polarization-independent, transverse spin compo-
nent stems from the spatially decaying field of the evanes-
cent wave away from the interface, and carries in turn
a longitudinal (Belinfante’s) SAM [7]. Transverse SAM
has been later on studied in several geometries involving
well known evanescent waves [1, 3, 8–15] such as plas-
mons, total internal reflection, etc. In this regard, it is
worth mentioning that the following experimental works
have exploited spin-orbit interaction also in waveguides
[16–20], in most cases enforcing through the spin-orbit
locking the coupling of a circularly polarized exciting
field (spin locked in the evanescent tail) into propagat-
ing guided waves with ad-hoc directionality (orbit thus
driven).
Nonetheless, the peculiar structured wavefield arising
inside waveguides has not been addressed in detail up to
now. Recall that cylindrical waveguides support a wealth
of transverse and hybrid leaky/guided modes recently
shown to be crucial in determining the optical properties
of semiconductor nanowires in relevant problems such
as photoluminescence [21–23] and absorption [24, 25].
Nanowires and fibers are no doubt extremely interesting
optical platforms that hold potential of novel nanopho-
tonic devices, wherein SOI and locking inside could be
exploited to manipulate i.e. quantum well and dot emis-
sion and photoluminescence. Subwavelength waveguides
in lower-frequency regimes are amenable to SOI phenom-
ena; moreover, optical forces and torques in the IR to
GHz domain could be manipulated inside i.e. water-filled
waveguides [26].
In this work, we study theoretically the spin and or-
bital angular momenta of confined light inside waveg-
uides. In Sec. II, we show analytically that guided modes
carry transverse spin density and longitudinal (so-called)
Belinfante’s spin momentum inside the waveguide, con-
necting them to relevant magnitudes stemming from light
confinement such as energy density and transverse wave
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2vector components. This is done for two cases: sim-
plest (planar) waveguide geometry with transverse elec-
tric/magnetic modes; and a cylindrical (nanowire) geom-
etry (much more involved), which supports not only pure
transverse modes but also hybrid modes with intrinsic
helicity. Section III exploits the analytical formulation
to explore spin-orbit interactions through the resulting
SAM and OAM in nanophotonic waveguide geometries
(semiconductor nanoslabs and nanowires). Water-filled
waveguides are considered in Sec. IV to illustrate opti-
cal forces and torques in the microwave regime. Finally,
conclusions are summarized in Sec. V.
Spin and orbital angular momenta in planar and
cylindrical waveguides: Formulation
Transverse guided modes in planar waveguides
Let us start with a simple planar waveguide (see inset
in Fig. 1a) consisting of a dielectric slab (core, medium 1)
of thickness 2d surrounded by another dielectric material
(cladding, medium 2) that has a lower refractive index,
n1 = c
√
(1µ1) =
√
(r1µr1) > n2: we define both rela-
tive and absolute dielectric permittivities and magnetic
permeabilities (r, µr and , µ, respectively) for they will
be needed below (c = 1/
√
0µ0 is the speed of light in
vacuum). We assume propagation along the z direction
and translational invariance along the y direction. Trans-
verse electric (TE) and magnetic (TM) modes stand for
modes with only electric/magnetic field component along
the y axis, propagating along the z axis with propaga-
tion constant kz and transversal wavevector kt. For TE
modes, the corresponding fields (omitting the time har-
monic factor e−ıωt) are [27]:
E= yˆ
√
µiAif(ktx)e
ıkzz, (1a)
H= Ai
1
ω
√
µi
[kzf(ktx)xˆ+ ıktf
′(ktx)zˆ]eıkzz, (1b)
with i = 1, 2 and
f(x)= e−αx, x > d, (2a)
f(x)=
{
sin(kxx)
cos(kxx)
}
, |x| < d, (2b)
= ∓eαx, x < −d. (2c)
The terms in braces denoting antisymmetric (top) and
symmetric (bottom) modes, respectively; f ′(ktx) de-
notes derivative with respect to its argument. The elec-
tromagnetic fields for TM modes can be straightfor-
wardly obtained from the above Eqs. (1) by replacing
E,H⇒ H,−E and √µ⇒ √. Field amplitudes Ai out-
side/inside the waveguide are connected through corre-
sponding boundary conditions. The wavevector k com-
ponents in Cartesian coordinates of such fields depend
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FIG. 1. (a,b) Dispersion relations for the lowest-order guided
modes inside waveguides with refractive index n = 3.43 (vac-
uum outside): (a) (anti-)symmetric transverse electric and
magnetic (TE and TM) guided modes (slab); (b) TE, TM,
and hybrid (HE) guided modes (cylinder). Circles indicate
the specific modes and corresponding wavevectors considered
below. Insets: Schematic of the dielectric waveguides consid-
ered hereafter: (a) slab of width 2d and (b) cylinder of radius
R.
also on the medium, and are given by:
k = (kt, 0, kz),
with kt = ±ıα (|x| > d) and kt = kx (|x| < d), (3)
where we have used the same notation for the transver-
sal component of the wavevector inside and outside the
waveguide, bearing in mind that outside is complex, its
sign ıα depending on the considered semi-region. The
wavevector components are related by:
k2z + k
2
t = r1µr1
(ω
c
)2
= (n1
ω
c
)2, |x| > d, (4a)
k2z − α2 = r2µr2
(ω
c
)2
= (n2
ω
c
)2, |x| < d; (4b)
where ω is the angular frequency. Since the dielectric
waveguide is intended to guide the light, the propagation
constant kz has to be in the range n2/n1 < ckz/ω < n1
and will also depend on mode number and polariza-
tion. Indeed, upon imposing boundary conditions, we
can obtain the corresponding dispersion relation (cf. e.g.
Ref. [27]) that determines the wavevectors of symmetric
and antisymmetric, transverse electric and magnetic (TE
and TM) guided modes (see Fig.1a).
The energy density, defined as:
W =

4
|E|2 + µ
4
|H|2, (5)
3(a) (b) (c)
FIG. 2. Schematic of the electric and magnetic fields along
the waveguide from Eqs. (1) and (2) for an asymmetric TE
mode at transverse positions inside the waveguide satisfying:
(a) kxx = 0, (b) kxx = pi/4, and (c) kxx = pi/2. TM modes
will be identical upon replacing E,H ⇒ H,−E . It fol-
lows that, as will be shown below, for TE (respectively, TM)
modes, the spin inside the waveguide is Se ≡ 0 (respectively,
Sm ≡ 0) everywhere, and Sm 6= 0 (respectively, Se 6= 0) [as in
(b)] except for specific x-points where (a) or (c) is satisfied.
is given for both TE and TM modes by:
W =|A2|2 k
2
z
2ω2
|f(x)|2, |x| > d, (6a)
=|A1|2 1
2ω2
[
k2z |f(x)|2 +
k2x
2
]
, |x| < d, (6b)
Next, the Poynting vector density,
P =
1
2c2
< [E∗ ×H] = 1
2c2
< [E×H∗] , (7)
yields:
P =zˆ|A|2 kz
2c2ω
|f(x)|2, (8)
for both TE and TM modes.
Let us plot the expected electric and magnetic fields
along the waveguide from Eqs. (1) and (2), for a typ-
ical guided mode (asymmetric TE) at given positions
inside the waveguide yielding relevant phenomenology.
In Fig. 2a (center of the waveguide for the asymmet-
ric mode), the electric field does vanish, and the mag-
netic field has only a nonzero longitudinal component,
the fields thus appearing as a longitudinal wave. In
Fig. 2b (corresponding approx. to the center of the lobe
of maximum electric field of the lowest-order asymmet-
ric TE mode), both the electric and magnetic fields have
large contributions: the electric one is perfectly trans-
verse, while the magnetic has a strong longitudinal (out
of phase) component, apart from its transverse compo-
nent. This is no doubt expected to yield a strong spin.
Finally, a case is shown in Fig. 2c where the wave appears
purely transverse (no spin expected). All such varied be-
havior will certainly give rise to a rich spin phenomenol-
ogy, as we will now show.
Spin density and momentum in planar waveguides
The spin density is defined as:
S =
0µ
−1
r
4ω
= [E∗ ×E] + µ0
−1
r
4ω
= [H∗ ×H] = Se + Sm.
(9)
Recall that the helicity,
h =−
√
0µ0
2ω
=[E∗ ·H], (10)
of all guided modes in this planar waveguide is h = 0.
From the electric and magnetic field components, Eqs.
(1) and related, it follows that Se = 0 (Sm = 0) for
TE (respectively, TM) guided modes. The only nonzero
components of the spin densities are Sm = yˆSm for TE
modes and Se = yˆSe for TM modes. Upon introducing
them into Eq. (S7), we end up with the resulting total
spin density:
S = yˆ|A2|2 kzα
2ω3n22
e−2αx, x > d, (11a)
= yˆ
{−
+
}
|A1|2 kzkx
4ω3n21
sin(2kxx), |x| < d, (11b)
= −yˆ|A2|2 kzα
2ω3n22
e2αx, x < −d; (11c)
for both TE and TM modes, where we have made use
of rµr = n
2. Note that it can be written in a compact
form as follows:
S = yˆ|A2|2 kzkt
4ω3n22
d
d(ktx)
|f(ktx)|2. (12)
Three features should be emphasized at this point re-
garding the spin density above (11): (i) unlike that of
the evanescent field, it can be locally positive or nega-
tive inside the waveguide [cf. (11)]; (ii) it is either purely
magnetic (Se = 0) or electric (Sm = 0) for, respectively,
TE or TM guided modes, and (iii) it is proportional to
the transverse component of the wavevector kt.
We now turn to calculate the extraordinary spin mo-
mentum, obeying:
PS =
1
2
∇× S. (13)
Since the spin density has only a nonzero component
along the y axis [cf. Eqs. (11)], which in turn does not
depend on the propagation direction z, the spin momen-
tum has only a nonzero component along z, namely:
PS = zˆ|A|2 kzk
2
t
8ω3n2
d2
d(ktx)2
|f(ktx)|2. (14)
for both TE and TM modes. As the spin density, the
spin momentum is either purely magnetic (TE modes)
or electric (TM modes).
4Finally, the canonical (orbital) part PO of the momen-
tum density can be simply obtained from:
P = PO +PS . (15)
Therefore, from Eqs. (8) and (14), it follows that:
PO = zˆ|A2|2 k
3
z
2n22ω
3
e∓2αx, |x| > d, (16a)
= zˆ|A1|2 kz
2n22ω
3
[
k2z |f(x)|2 +
k2x
2
]
, |x| < d,(16b)
for both TE and TM modes. Incidentally, we have ver-
ified that the same PO is obtained if directly calcu-
lated from its canonical expression [4]. Nonetheless, the
orbital momentum presents both contributions, electric
and magnetic. It follows from the latter equations that
the orbital momentum in both polarizations is propor-
tional to the wavevector along the propagation direction
in the expected manner:
POz
W
=
kz
ωn2
. (17)
In addition, it can be shown that the spin momentum
can be expressed as:
PSz
W
=
k2t
ωn2kz
[1− P˜NP (r)], (18)
where P˜NP (r) is a non-paraxial term (vanishes for parax-
ial waves),
P˜NP (r) =
1
8k2t
{(k ·E)(k ·E∗)+ (k ·H)(k ·H∗)µ
+ [k×E− µωH] [k×E∗ − µωH∗] 
+ [k×H+ ωE] [k×H∗ + ωE∗]µ} .
(19)
Therefore, it is evident from Eqs. (11b) and (14), the
main results of this subsection, that a transverse SAM
arises inside planar waveguides, which in turn yields an
extraordinary longitudinal spin momentum, both propor-
tional to the guided mode transverse wavevector com-
ponent. The contribution from the longitudinal spin
momentum, which, unlike in the evanescent region, can
be positive or negative inside the waveguide (as we will
show below), is indeed crucial to retrieve the proper de-
pendence of the canonical momentum on mode wavevec-
tor (17). Before discussing in detail these terms, we will
show next that similar transverse SAM arise in a more
complex waveguide geometry in order to assess the uni-
versal character in connection to guided light.
Transverse and hybrid guided modes in cylindrical
waveguides
Let us now study cylindrical waveguides, which sup-
port a wealth of guided modes exhibiting a rich spin
phenomenology. The fields of the waveguide can be ex-
pressed in cylindrical coordinates [see Fig. 1(b)] as fol-
lows:
Er =
∑[ ıkz
kt
Z
′
m (ktr) am −
µωm
k2t r
Zm (ktr) bm
]
Fm,
(20a)
Eθ = −
∑[mkz
k2t r
Zm (ktr) am +
ıµω
kt
Z
′
m (ktr) bm
]
Fm,
(20b)
Ez =
∑
[Zm (ktr) am]Fm, (20c)
Hr =
∑[ mk2
µωk2t r
Zm (ktr) am +
ıkz
kt
Z
′
m (ktr) bm
]
Fm,
(20d)
Hθ =
∑[ ık2
µωkt
Z
′
m (ktr) am −
mkz
k2t r
Zm (ktr) bm
]
Fm,
(20e)
Hz =
∑
[Zm (ktr) bm]Fm, (20f)
where kz and kt are again the longitudinal and transverse
component component of the wavevector, respectively,
and k = |k| is the modulus of the wavevector. Recall
that kt is imaginary outside the waveguide. The function
Zm (ktr) is the appropriate Bessel function that matches
the boundary conditions [24, 27] and Z ′m (ktr) denotes
the derivative with respect to the argument. Upon us-
ing functions Zm, we collapse EM fields inside and out-
side the waveguide into formally identical equations. In
this regard, recall that am, bm, ..., obey different expres-
sions inside/outside. The function Fm = e
ı(mθ+kz−ωt) is
the phase of the wave, the subscript m being an integer
related to its azimuthal order. Bear in mind that the
longitudinal and transverse components of the wavevec-
tor depend on m, but we dropped the subscript for
simplicity. For guided modes, the wavevector compo-
nents are defined as in Eq. (4) (assuming vacuum out-
side r = µr = 1), replacing the transverse components
kx and ıα in Eq. (3) by its transversal (radial) kt and ıα
counterparts associated with the cylindrical geometry.
The fields of the waveguide written in Eq (20) are
expressed as the sum over different guided modes, en-
coded in the subindex m. The guided modes satisfy
the corresponding dispersion relation (not shown here, cf.
Refs. [24, 25, 27]); solutions can be associated to each
guided mode, labeled by a pair index ml, where m =
0,±1,±2, . . . is the azimuthal index and l = 1, 2, 3, . . .
the radial index. For guided modes with m = 0, the
field is symmetric about the axis, exhibiting a pure trans-
verse character, either electric (TE0l, am = 0 so that
Er = Ez = Hφ = 0) or magnetic (TM0l, bm = 0 so
that Hr = Hz = Eφ = 0). Hybrid modes arise for
m 6= 0 (HEml). We show in Fig. 1(b) the dispersion
relation of the lowest-order modes: TM01, TE01, and the
hybrid HE11 (no cutoff, lowest-order mode), which are
5the guided modes we will considered explicitly below.
We now proceed to calculate the generic expressions
for the energy density, Poynting vector, and helicity, from
Eqs. (S1), (S3), and (S5), for arbitrary guided modes in a
cylindrical lossless waveguide with electromagnetic fields
given by Eqs. (20). This is done in the Supplemental Ma-
terial [28]. In addition, we also show therein the generic
expressions for all spin-related magnitudes, namely: spin
density and momentum, Eqs. (S7) and (S9), and resulting
orbital momentum (15). Interestingly, we should empha-
size that the orbital momentum PO satisfies the expected
dependence on longitudinal wavevector kz as follows:
PO
W
=
kz
ωn2
. (21)
Let us now discuss all these relevant magnitudes for given
lowest-order guided modes with most relevant symme-
tries.
Transverse guided modes: Confinement-induced
SAM
In the case of transverse guided modes (m = 0),
it is evident from Eq. (S6) that the helicity vanishes
(h = 0). Thus the spin density should vanish except
for the evanescent component of the EM fields outside
the waveguide. However, it follows from Eq. (S8), for the
specific case of TE modes, that the spin density vanishes
neither outside (as expected) nor inside the waveguide:
Sr = Sz = 0, (22a)
Sθ =
µkz
2n2ωkt
|b0|2 Z∗0 (ktr)Z
′
0 (ktr) ; (22b)
which leads to an extraordinary spin momentum with a
longitudinal component, as follows:
PSz =
µkz
4n2ω
|b0|2
[
k2t
|kt|2
∣∣∣Z ′0 (ktr)∣∣∣2 − |Z0 (ktr)|2] . (23)
The electromagnetic properties for the TM modes fol-
low the same expressions as for TE waves after replacing
|b0|2µ → |a0|2. Importantly, the contribution to the
spin density and momentum for TE (TM) waves is fully
magnetic (electric). Actually, if we revisit Eqs. (20) for
TE guided modes, we realize that, at given transverse
positions within the cylindrical waveguide, the electric
and magnetic fields exhibit a behavior analogue to that
shown in Fig. 2 for planar waveguides, with an imaginary
longitudinal component of H leading to the magnetic spin
density (for TM modes, it is the complex E which yields
the electric spin density).
Moreover, after rewriting the energy density, Eq. (S2),
for pure transverse modes as:
W =
1
4
|b0|2µ
[
k2z + k
2
|kt|2
∣∣∣Z ′0 (ktr)∣∣∣2 + |Zn (ktr)|2] , (24)
Remarkable, the spin momentum satisfies the same ex-
pression as for planar waveguides:
PSz
W
=
k2t
ωn2kz
[1− P˜NP (r)], (25)
with the non-paraxial term P˜NP given by Eq. (18). Re-
call that, for weakly guided waveguides, the electromag-
netic field inside becomes paraxial [27]; this confirms the
crucial role of confinement in the emergence of large spin
density and momentum inside waveguides.
Therefore, the transverse spin density and longitudi-
nal spin momentum inside both planar and cylindrical
waveguides do not vanish (despite not being evanescent)
and depend on the transverse momentum kt; whereas
the orbital momentum, Eq. (S13), has been shown above
to depend as expected on the guided mode wavevec-
tor along the propagation direction kz. Incidentally,
transverse momentum has been associated to an effec-
tive mass kt ∼ m if we rewrite Eq. (4) as [29, 30]
ω =
√
k2t + k
2
z ∝
√
m2 + p2, which thus formally un-
derlies the emergence of extraordinary SAM for guided
modes.
Hybrid guided modes: Intrinsic-helicity-induced spin
We now turn to study the spin angular momentum
of the HE11 hybrid guided mode, which in fact exhibit
strong intrinsic helicity given by:
h =
1
2ωn
{
2kzk
|kt|2ktrZ1 (ktr)Z
′∗
1 (ktr)
[|a1|2+ |b1|2µ]
+
[
|Z1 (ktr)|2 +
(∣∣∣Z ′1 (ktr)∣∣∣2 + |Z1 (ktr)|2|kt|2r2
)
k2z + k
2
|kt|2
]
×= [a1b∗1]
√
µ} ; (26)
the corresponding energy density from Eq. (S1) is:
W =
1
4
{[
|Z1 (ktr)|2 +
(∣∣∣Z ′1 (ktr)∣∣∣2 + |Z1 (ktr)|2|kt|2r2
)
×k
2
z + k
2
|kt|2
] [|a1|2+ |b1|2µ]
+
8
√
µ
|kt|2
kzk
ktr
Z1 (ktr)Z
′∗
1 (ktr)= [a1b∗1]
}
. (27)
6We can write Eq. (S8), which becomes in this case very
involved, as follows:
Sr = 0, (28)
Sθ =
1
2ωrµr
[
kz
kt
Z∗1 (ktr)Z
′
1 (ktr)
[|a1|2+ |b1|2µ]
+
2k
k2t r
|Z1 (ktr)|2= [a1b∗1]
√
µ
]
, (29)
Sz =
|kt|−2
2ωrµr
{
k2z + k
2
ktr
Z1 (ktr)Z
′∗
1 (ktr)
[|a1|2+ |b1|2µ]
+2kzk
[∣∣∣Z ′1 (ktr)∣∣∣2 + |Z1 (ktr)|2|kt|2r2
]
= [a1b∗1]
√
µ
}
.
(30)
Now it is actually not trivial to relate the spin density
from Eqs. (S8) either to the helicity (26) or to the energy
density (27). However, it is evident from Eqs. (30), that:
(i) the transverse spin density Sθ includes both electric
and magnetic contributions (first term) along with a new
hybrid contribution (second term); (ii) the spin density
yields a longitudinal contribution Sz stemming from in-
trinsic helicity. The corresponding expressions for the or-
bital and spin momenta (POz , P
O
θ , P
S
z and P
S
θ ) are given
in the Supplemental Material [28]. Interestingly, the lon-
gitudinal components of the orbital and the spin angular
momentum can be related to the energy as follows:
POz
W
=
kz
ωn2
,
PSz
W
=
k2t
n2kzω
[
1− P˜NP
]
, (31)
as in the case of pure transverse modes shown above.
Spin-orbit interactions inside nanophotonic
waveguides
To shed light onto the emergence of confinement-
induced spin angular momentum, let us plot all relevant
magnitudes for planar and cylindrical waveguides with
r = 11.76. Incidentally, this choice of refractive index
makes our results applicable throughout the visible and
near-infrared to many semiconductors with similar re-
fractive index [21, 23, 24, 31], such as crystalline Si, GaP,
GaAs, InP, etc.; indeed, it corresponds approximately to
the photoluminescence band of InP at λ ∼ 870 nm, which
could be illustrative of SOI in emission processes inside
InP nanostructures, such as slabs or nanowires [21], es-
pecially if circularly polarized (or even more complex)
dipole sources could be engineered [14]. In fact, circularly
polarized luminescence has been recently reported e.g.
from coupled InGaN/GaN quantum well and quantum
dots structure [32], from perovskite nanocrystals suit-
able to deploy flexible devices [33], also from colloidal
CdS quantum dots [34, 35]. The latter colloidal quan-
tum dots could be exploited in micron-sized, liquid-filled
(e)
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FIG. 3. (a) Schematic depicting the orientation of orbital
PO (red arrows) and spin PS (green arrows) momenta, in-
side the planar waveguides, with loops inside illustrating the
confinement-induced spin density s. (b-e) The anti-symmetric
lowest-order TE mode is considered for a planar waveguide of
width 2d and r = 11.76 for normalized half-width ωd/c=0.54
(which corresponds to an InP nanoslab with thickness 2d =
150 nm at λ = 870 nm). (b,d) Contour map and radial de-
pendence of the energy density W , the latter including also
the orbital POz momentum. (c,e) Contour map and radial
dependence of the only non-zero component of the spin den-
sity Sy, the latter (e) multiplied by the transverse wavevector
component and including also the only non-zero component
of the spin angular momentum PSz (normalized by P
O
z ).
waveguides, in which the liquid itself might play the role
of the denser optical medium (its refractive index needn’t
be very high indeed). On the other hand, recall that mag-
netic dipole emission is also available through lanthanide-
doped nanostructures and nanoparticles [36–38].
First, we show in Fig. 3 the simplest case: a
semiconductor nanoslab supporting the first-order anti-
symmetric TE mode (see the mode dispersion relation in
Fig. 1). The transverse energy density W is plotted for
the sake of comparison in Figs. 3b (transverse color map)
and 3d; in the latter the orbital momentum is also in-
cluded to explicitly show that the expected direct propor-
tionality POz /W = kz/(ωn
2) is satisfied [Eq. (17), note
that the factor n is different inside/outside]. Transverse
spin momentum, Eq. (11b), arises inside the waveguide
with a rich phenomenology depending on the mode sym-
metry, rotating differently on each half waveguide (evi-
dent from the sign of Sy in Fig. 3c,e and depicted also
by loops). In turn, it results in a corresponding longitu-
dinal spin momentum [Eq. (14)] which can point along
(or opposite) to the guided mode propagation direction,
and thus to the orbital angular momentum (evident from
7the sign of PSz and depicted by arrows). Moreover, it
is simultaneously parallel and antiparallel on each half
waveguide. In fact, the latter behavior can be under-
stood in light of the complex electric and magnetic fields
plotted in Fig. 2. The spin density maxima occur at sym-
metric positions inside the waveguide where electric and
magnetic fields rotate as in Fig. 2b. At the waveguide
center, the spin density vanishes as a result of the van-
ishing of the electric field (see Fig. 2b); the spin density
also vanishes near the waveguide boundaries, at positions
where the electric and magnetic fields are locally paraxial
as in Fig. 2c.
Finally, note that outside the waveguide, the trans-
verse spin density, Eq. (11), stems from the evanescent
character of the guided modes outside, as expected from
the case of pure evanescent waves [7]; however, its associ-
ated longitudinal spin momentum [Eq. (14)] outside the
waveguide (unlike inside) always points opposite to the
orbital momentum direction. Analogous results for TM
modes are included in the Supplemental Material (see
Fig. S1 [28]) that confirm the emergence of transverse
spin density with extraordinary longitudinal momentum;
as expected, since the TM mode shown in Fig. S1 is
more confined than the TE mode shown in Fig. 3, the
evanescent SAM reaches larger values but decays more
abruptly away from the waveguide. The behavior for
symmetric modes (not shown here) is very similar, ex-
cept for the fact that spin density/momentum is symmet-
ric/antisymmetric instead. Finally, higher-order guided
modes do preserve the symmetry and polarization of the
spin-related magnitudes discussed above, introducing ad-
ditional number of alternating-sign layers (see e.g. Fig. 6
below).
Next, let us plot all spin-related magnitudes for the
lowest-order TE guided mode (zero helicity) in a cross
section of the cylindrical waveguide with r = 11.76 in
Fig. 4. First of all, a 3D schematic illustrating the ori-
entation of the corresponding spin (loops) and momenta
(arrows) is depicted in Fig. 4a, clearly revealing its trans-
verse character with axial symmetry. The energy density
W is included for the sake of completeness in Fig. 4b, re-
vealing the strong confinement of this TE01 guided mode
for the choice of parameters. Its radial dependence is
explicitly plotted in Fig. 4d, along with the orbital an-
gular momentum, to confirm again its linear dependence
POz /W ∼ kz/(ωn2), Eq. (21). The emergence of the
transverse confinement-induced SAM becomes evident in
the right column. First, a strong contribution within the
cylinder to the azimuthal spin density [electric/magnetic
for TE/TM modes, cf. Eq. (22)], is observed in the color
map in Fig. 4c, which rotates about the cylinder axis. Its
radial dependence is shown explicitly in Fig. 4e: note that
it is zero in the center and close to the boundary, achiev-
ing its maximum within a ring inside the cylinder. Such
behavior can be fully understand in light of the com-
plex electric and magnetic fields represented in Fig. 2,
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FIG. 4. (a) Schematic depicting the orientation of orbital (red
arrows) and spin (green arrows) momenta, along with spin
density (loops) inside the cylindrical waveguides; as in Fig.3.
(b-e) The lowest-order TE01 guided mode for a cylindrical
waveguide of radius R and r = 11.76 is considered for a
normalized radius ωR/c = 0.83 (which corresponds to an InP
nanowire with 2R = 230 nm at λ = 870 nm): (b,d) Contour
map and radial dependence of the energy densityW , the latter
including also the orbital POz momentum. (c,e) Contour map
and radial dependence of the only non-zero component of the
spin density Sθ, the latter (e) multiplied by the transverse
wavevector component and including also the only non-zero
component of the spin angular momentum PSz (normalized
by POz ).
also discussed in connection to Fig. 3, bearing in mind
that the translational invariance along the transverse di-
rection in the planar waveguide is replaced by the axial
symmetry of this cylindrical waveguide. The correspond-
ing extraordinary longitudinal spin momentum [Eq. (23)]
is also strong inside the waveguide, concentrated at the
center and pointing along the cylinder axis (see Fig. 4e),
opposite to the guided mode propagation direction, ex-
cept for a thin corona near the exterior boundary where
it is parallel. A weaker transverse spin density is also
observed in Fig. 4c and. 4e, which stems from the evanes-
cent character of the guided modes outside [Eq. (22)]. In-
deed, the spin rotation and momentum direction outside
(antiparallel with respect to orbital momentum), unlike
those inside, is also fixed, similarly to what was observed
in planar waveguides (see Fig. 3).
Slight differences arise depending on whether the
guided modes is weakly or strongly confined. What can
we expect for the transverse spin from Eq. (22)? Actu-
ally, it depends linearly on the transverse component kt
of the wavevector inside. Recall that this component is
smaller the weaker the confinement is. Nonetheless, the
80
0.2
0.4
0.8
1
0.6
W
0
Sθ
0
2R = 203 nm
W Pz
o
Pz
s
|kt|Sθ
0
0.2
0.4
0.8
1
0.6
x (nm)
1.5
-200 -100 0 100 200
0.5
1
0
-0.5
-200 -100 0 100 200
x (nm)
0
0.2
0.4
0.8
1
0.6
h Pθ
o
Pθ
s
0
0.2
0.4
0.8
1
0.6
0.8
0
0.4
-0.4
-0.8
0.8
0
0.4
-0.4
-0.8
1.5
0.5
1
0
-0.5
|kt|Sz
Sz
Pθ
o
Pθ
s
h
0
Sz
0
2R = 203 nm
y^
x^
y^
x^
y^
x^
z^
x^
Pz
s
Sy
kz
Pz
o
λ = 870 nm
λ = 870 nm
(e)
(b)
(d)
(c)
(g)(f)
(h) (i)
(a)
FIG. 5. (a) Schematic depicting the orientation of orbital
(red arrows) and spin (green arrows) momenta inside the
cylindrical waveguides; loops illustrate the transverse (respec-
tively, longitudinal) spin densities induced inside the waveg-
uide by the confined nature (respectively, helicity) of the hy-
brid guided modes. The lowest-order hybrid HE11 guided
mode for a cylindrical waveguide of radius R and r = 11.76
is considered for a normalized radius ωR/c = 0.73 (which
corresponds to an InP nanowire with D = 2R = 230 nm at
λ = 870 nm): (b,d) Contour map and radial dependence of
the energy density W , the latter including also the orbital
POz momentum. (c,e) Contour map and radial dependence
of the only non-zero component of the spin density Sθ, the
latter (e) multiplied by the transverse wavevector component
and including also the only non-zero component of the spin
angular momentum PSz (normalized by P
O
z ). (f,h) Radial
dependence and contour map and of the helicity density h,
including also in (f) the helicity-induced transverse orbital
momentum POθ . (g,i) Radial dependence and contour map
in the transverse plane of the helicity-induced longitudinal
spin density Sz, the former (g) multiplied by the transverse
wavevector component, and including also the related trans-
verse spin angular momentum PSθ (normalized by P
O
θ ); dark
loops and cyan/magenta arrows indicate spin rotation and
transverse spin/orbital momenta.
energy density W , which increases inside the waveguide
with increasing confinement, compensates such decrease
in a non trivial manner, so that a compromise between
transverse wavevector and energy confinement yields the
optimum transverse spin; as an example, we show in Fig.
S2 the same results as in Fig. 4, but for a TE01 guided
mode that is weakly confined. Transverse spin density
inside the waveguide in Fig. S2 is indeed comparable to
that in Fig. 4; differences are in turn more obvious in the
transverse spin in the evanescent region, wherein the ex-
pected behavior is observed [7]: more spread outside the
cylinder in the latter case (Fig. S2), but larger close to
the waveguide boundary in the former (strongly confined
case, see Fig. 4). For the sake of completeness, a TM01
guided mode is also shown in Fig. S3; apart from the
(relevant) fact that the spin density is entirely electric
(S = Se), the qualitative behavior is very similar to that
of the TE01 guided mode shown in Fig. 4.
Higher-order transverse modes (not explicitly shown
here), as for planar guided modes, essentially preserve
the (in this case, rotational) symmetry and polarization
of the spin-related magnitudes, introducing additional
lobes in the radial dependence in accordance with the
radial mode order l (see e.g. Fig. 6 below). Nonethe-
less, this could lead to various rings alternating spin ro-
tation inside the cylindrical waveguide, preserving for all
the modes the continuity across the cylinder boundary of
the outermost ring (even if very thin) with respect to the
evanescent-region spin, which remains unaltered.
In order to shed light on the different contributions
to the spin density and angular momentum for hybrid
modes, we now plot them making special emphasis on
separating intrinsic-helicity terms from transverse con-
finement effects. We show all of them in Fig. 5 for a
HE11 guided mode in a cross section of the cylindrical
waveguide with r = 11.76, along with 3D schematics il-
lustrating the orientation of the corresponding vectors;
the transverse confinement-induced spin (loops) and re-
lated momenta (green arrows) are shown in Fig. 5c,e,
whereas the longitudinal helicity-induced spin and mo-
menta are shown in Fig. 5g,i. A color map of the en-
ergy density W revealing mode confinement is included
in Fig. 5b, with its radial dependence and that of the
orbital momentum explicitly shown in Fig. 5d; the corre-
sponding intrinsic helicity h is included in a contour map
in Fig. 5h for the sake of comparison, showing also ex-
plicitly its radial dependence in Fig. 5c, along with that
of the helicity-induced transverse orbital momentum POθ .
First, a strong transverse (respectively, longitudinal)
contribution to the spin density (respectively, extraordi-
nary longitudinal momentum) is observed inside, which
stems from the transverse confinement (kt-related) as
above. Note that the corresponding SAM inside is also
concentrated inside an inner ring; however, unlike for
transverse modes, it rotates similarly to the evanescent-
region SAM, and its longitudinal spin momentum points
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FIG. 6. (a,c) Energy densities W (left column) and (b,d)
spin densities (right column) for anti-symmetric TE2 (top)
and TM2 (bottom) modes in a planar waveguide of width 2d
and r = 80 for normalized half-width ωd/c = 0.36 (which
corresponds to water-filled slabs with thicknesses 2d = 3.4
cm at ν = ω/(2pi) = 1 GHz). Arrows in (a,c) indicate the
radiation pressure force felt by electric (p) and magnetic (m)
dipole particles due to longitudinal momenta, whereas loops
in (b,d) reveal the corresponding torque induced inside the
waveguides by transverse confinement-induced spin densities.
towards the OAM inside (being opposite outside, as ex-
pected for evanescent waves). This behavior reveals a
richer phenomenology for the confinement-induced trans-
verse SAM governed by guided mode symmetry. Sec-
ond, it is clear that the intrinsic helicity governs the
emergence of a strong longitudinal SAM, which leads
to an azimuthal spin momentum density, both resem-
bling the spatial pattern of the helicity density (see
Fig. 5h). Its behavior does not differ much from the
helicity-induced spin exhibited by circularly polarized
plane and/or evanescent waves, although again guided
mode symmetry renders its phenomenology much richer.
Higher-order hybrid guided modes (HEml) make the
analysis more complex. The rotational symmetry of the
all spin-related magnitudes (not shown here) is preserved,
introducing however alternating spin-sign rings in the ra-
dial dependence when the radial index is l > 1, similarly
to higher-order transverse modes mentioned above. The
azimuthal index m is directly connected to the helicity
[cf. Eq. (S6)], as expected; in addition, for m ≥ 2 the
dependence on Bessel functions of the electromagnetic
fields inside imposes W = 0 at the waveguide center.
Optical radiation forces and torques in water-filled
waveguides
Finally, let us briefly explore the impact on optical
forces of the transverse SAM inside waveguides shown
above. As an example, we consider water-filled planar
channels (inside e.g. metal plates) in the GHz domain;
recall that water in this regime exhibits a large refrac-
tive index with relatively low absorption, which makes
it suitable for tunable high-index-dielectric metamateri-
als [26]. Actually, this scenario could also be realized
for higher frequencies up to the near-IR regime, which
is in turn suitable for optical trapping and manipulation
of microscopic particles through optical tweezers [39–41].
The lower-refractive index of water (or other liquids) in
this electromagnetic regime comes only at the expense of
requiring thicker waveguides.
By way of example, we consider a planar metallic
waveguide filled with water (n =
√
80 at 1 GHz): partic-
ularly, we focus on the asymmetric TE2 and TM2 guided
modes in planar waveguides with 2d = 3.4 cm in Fig. 6.
Assuming that the metallic boundaries behave as a per-
fect electric conductor, the dispersion relation reduces to
(upon imposing that the transverse electric field at the
interfaces vanishes):
kxd = (2m+ 1)
pi
2
or kxd = mpi (m = 0, 1, 2 . . .). (32)
We would like to stress the fact that, as pointed out
above, qualitatively (and nearly quantitatively) similar
results would be obtained for a metallic, water-filled
waveguide with widths of the order of a micron operat-
ing in the IR (λ ∼ 1.55µm). Along with energy and spin
densities, radiation forces and torques felt by electric (p)
and magnetic (m) dipole particles stemming from, re-
spectively, longitudinal momenta and transverse SAM,
are explicitly revealed through arrows and loops.
First, the rich phenomenology inside with alternating
layers/rings with opposite torques is evident in Fig. 6b,d.
Moreover, recall that the SAM may stem from either the
electric (Se, Fig. 6d) or magnetic (Sm, Fig. 6b) contri-
bution depending on the nature of the transverse mode
(TM and TE, respectively). This implies that p and m
dipoles will respond differently to such SAM, exhibiting
non-negligible torques only if matching character [13, 40]:
Thus TE (respectively, TM) guided modes exert torque
only to magnetic (respectively, electric) dipolar particles,
see Fig. 6b (respectively, Fig. 6d). On the other hand,
both electric/magnetic dipolar particles would suffer a
radiation force along the guided mode propagation di-
rection, being locally higher at layers with larger energy
density (see Fig. 6a,c). Such radiation force F ∼ PO can
be anomalously large (respectively, small), as compared
to the Poynting vector (P = PO + PS), in alternating
layers within the waveguide where the resulting spin mo-
mentum PS points opposite, PO = P+PS , (respectively,
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along, PO = P − PS), as observed in Fig. 6a,c.
Lastly, we analyze the role of the optical forces on hy-
brid modes that carried intrinsic helicity. We focus on the
HE12 hybrid mode of a cylindrical metallic waveguide,
again, filled by water. In cylindrical waveguides with per-
fectly conducting walls, guided modes dispersion relation
reduces to the values of ktR for which the corresponding
Bessel functions vanish [27]. In particular, the HE12 hy-
brid mode exhibits a varied phenomenology. First, radia-
tion forces are shown as expected for both probe particles
in Fig. 7a; as above, recall that radiation forces might
be anomalously larger/shorter than those expected from
the Poynting vector density for longitudinal spin momen-
tum opposite/along the canonical momentum. Next, the
transverse spin density is plotted in Fig. 7b, revealing
three rings with alternating spin sign inside with van-
ishing spin density at the center. Nonetheless, despite
being hybrid, such mode becomes transverse electric so
that the spin density contribution is purely magnetic
(S
(e)
θ ≡ 0), leading to radiation torque acting only on the
magnetic dipole particle m. Finally, the helicity density
and related spin density are shown in Fig. 7c,d, exhibiting
three rings alternating sign. It should be mentioned that
such helicity-dependent spin density has both electric and
magnetic contribution; however, the electric contribution
is much larger S
(e)
z  S(m)z , and is thus indicated in
Fig. 7d with torque only exerted on the p probe particle.
Interestingly, this implies that an electric (respectively,
magnetic) dipole particle would undergo in such a waveg-
uide a longitudinal (respectively, transverse) torque. In-
cidentally, we have omitted in Fig. 7 the transverse force
induced by the longitudinal spin momentum, which actu-
ally exerts no radiation force in the dipole approximation,
but does produce a helicity-dependent transverse force in
multipolar interactions with larger particles [7].
It should be emphasized that sub-wavelength parti-
cles with high-refractive index have been shown to yield
strong magnetic dipole resonances [42], as experimentally
demonstrated in the optical and lower-frequency domains
[43, 44], leading to a wealth of phenomenology associated
to the high-refractive-index dielectric resonant nanos-
tructures [45] and sub-wavelength structures in lower
frequency regimes in general [44], where very large re-
fractive indices are indeed ubiquitous. Recall also that,
apart from its impact on induced torques, it has been
recently demonstrated that such electric/magnetic spin
contributions can be experimentally discerned through
high-dielectric-index nanoparticles exhibiting both elec-
tric and magnetic dipole resonances [15]. Therefore,
multi-resonant sub-wavelength particles would feel elec-
tric or magnetic torque depending on the resonant wave-
length and guided mode involved (the latter influencing
also the spatial dependence of such torque), which over-
all allows for a rich phenomenology. Finally, recall also
a related spin-orbit locking is evidently expected if suit-
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FIG. 7. (a,c) Energy and helicity densities W (left column)
and (b,d) spin densities (right column) for the hybrid HE12
guided mode for a cylindrical waveguide of radius R and (r) =
80 is considered for a normalized radius R/λ = 0.097 (which
corresponds to a water-filled cylinder with thickness 2R = 5.8
cm at ν = 1 GHz). Arrows in (a) indicate the radiation
pressure force felt by electric (p) and magnetic (m) dipole
particles due to longitudinal momenta, whereas loops in (b,d)
reveal the corresponding torque induced inside the waveguides
by spin densities: (b) transverse confinement-induced and (d)
longitudinal helicity-induced.
able electric or magnetic dipole sources are located inside,
which could be exploited all along the electromagnetic
spectrum.
Concluding remarks
To summarize, we have analytically investigated the
spin and orbital angular momenta of light guided in
planar and cylindrical waveguides supporting transverse
electric/magnetic and hybrid (only in cylinders) modes.
Leaving aside the well known transverse spin associated
to the evanescent component of the guided modes out-
side the waveguides, we put the emphasis on the impact
of mode confinement inside. We show that all (trans-
verse an hybrid) modes, despite not being evanescent
inside, exhibit a transverse SAM St ∝ (W/kzω)kt pro-
portional to the transverse momentum kt for planar and
cylindrical waveguides; the latter has been attributed the
role of an effective mass for guided light (dispersion re-
lation such that ω/c ∼
√
k2z + k
2
t ∼
√
p2 +m2). Such
transverse spin density is shown to carry so called (Be-
linfante’s) longitudinal spin angular momentum, parallel
or anti-parallel to the proper orbital angular momentum,
governed by the mode (spatial) transverse dependence
imposed by its order and polarization. Moreover, it is
demonstrated analytically that the spin momentum PS
is crucial through this relationship P = PO +PS (P be-
ing related to the Poynting vector momentum density)
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to retrieve the proper dependence of orbital momentum
on propagation wavevector PO ∼ kz. This confinement-
induced spin is shown in various specific cases to be com-
parable or larger to that stemming from evanescent fields.
Furthermore, it exhibits a much richer phenomenology,
with either electric or magnetic spin rotating in different
directions inside waveguides, and even with layers/rings
of alternating rotation inside, depending basically on
guided-mode spatial and polarization symmetry. Indeed,
the extraordinary longitudinal spin momentum PS may
also point along or opposite to the orbital momentum in-
side the waveguide. Finally, apart from the former trans-
verse spin, hybrid modes in cylindrical waveguides are
shown to carry longitudinal spin arising from its intrinsic
helicity; such longitudinal SAM concentrates especially
inside (strong confinement) the cylindrical waveguide. A
discussion is also included on the impact of such trans-
verse SAM inside waveguides on optical forces on dipo-
lar particles inside e.g. water-filled waveguides in the
IR to microwave regimes. All this phenomenology has
been discussed for lowest-order guided modes in simple
planar and cylindrical waveguides for the sake of clar-
ity, but can be straightforwardly extrapolated to other
geometries preserving guided mode confinement.
Overall, the rich phenomenology demonstrated for
such transverse SAM and longitudinal extraordinary mo-
mentum associated to guided light opens up a wealth
of phenomenology for photon spin-orbit coupling inside
waveguides beyond what is known for evanescent waves
outside. Among the variety of configurations where
such phenomenology could be exploited and tested,
let us mention: emitters (quantum dots or wells) lo-
cated inside semiconductor waveguides/fibers; colloidal
quantum-dots in liquid channels; THz or microwave elec-
tric/magnetic dipole antennas located inside waveguides;
or electric/magnetic dipolar particles for manipulating
optical forces inside e.g. tubular, liquid-filled micro- or
macro-fluidic cavities.
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Fig. S1: (a-d) The symmetric lowest-order TM mode is considered for a planar waveguide of width 2d and r = 11.76 for
normalized half-width ωd/c=0.87 (which corresponds to an InP nanoslab with thickness 2d = 240 nm at λ = 870 nm). (a,c)
Contour map and radial dependence of the energy density W , the latter including also the orbital POz momentum. (b,d)
Contour map and radial dependence of the only non-zero component of the spin density Sy, the latter including also the only
non-zero component of the spin angular momentum PSz .
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Fig. S2: (a-d) The lowest-order TE01 guided mode for a cylindrical waveguide of radius R and r = 11.76 is considered for a
normalized radius ωR/c = 0.73 (which corresponds to an InP nanowire with 2R = 203 nm at λ = 870 nm, near by the cutoff
frequency): (a,c) Contour map and radial dependence of the energy density W , the latter including also the orbital POz
momentum. (b,d) Contour map and radial dependence of the only non-zero component of the spin density Sθ, the latter
including also the only non-zero component of the spin angular momentum PSz .
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Fig. S3: (a-d) The lowest-order TM01 guided mode for a cylindrical waveguide of radius R and r = 11.76 is considered for a
normalized radius ωR/λ = 0.97 (which corresponds to an InP nanowire with 2R = 270 nm at λ = 870 nm): (a,c) Contour
map and radial dependence of the energy density W , the latter including also the orbital POz momentum. (b,d) Contour map
and radial dependence of the only non-zero component of the spin density Sθ, the latter including also the only non-zero
component of the spin angular momentum PSz .
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Energy, Poynting vector, and helicity densities in cylindrical waveguides
The energy density is defined as:
W =

4
|E|2 + µ
4
|H|2. (S1)
Upon introducing the electromagnetic fields of guided modes in a cylindrical lossless waveguide given by Eqs. (20)
into Eq. (S1), the resulting total energy density reads:
W =
1
4
{(|am|2+ |bm|2µ) [|Zm (ktr)|2 + k2z + k2|kt|2
(∣∣∣Z ′n (ktr)∣∣∣2 + m2|kt|2r2 |Zm (ktr)|2
)]
+
8m
|kt|2r
kzk
kt
Zm (ktr)Z
′∗
m (ktr)= [amb∗m]
√
µ
}
. (S2)
The Poynting vector density,
P =
1
2c2
< [E∗ ×H] = 1
2c2
< [E×H∗] , (S3)
yields:
Pr = 0, (S4a)
Pθ =
1
2ω
1
rµr
{
m
r
k2
k2t
|Zm (ktr) |2
(|am|2+ |bm|2µ)+ 2kzk
kt
Z
′
m (ktr)Z
∗
m (ktr)= [amb∗m]
√
µ
}
, (S4b)
Pz =
1
2ω
1
rµr
{
k2
|kt|2 kz
(|am|2+ |bm|2µ) [|Z ′m (ktr) |2 + m2|k2t |r2 |Zm (ktr) |2
]
+2
m
r
k
kt
k2z + k
2
|kt|2 Zm (ktr)Z
′∗
m (ktr)= [amb∗m]
√
µ
}
. (S4c)
Finally, the helicity can be written as:
h = −
√
0µ0
2ω
=[E∗ ·H]. (S5)
For arbitrary guided mode in a cylindrical waveguide the helicity reads:
h =
1
2ωn
{
2m
|kt|2r
kzk
kt
[|am|2+ |bm|2µ]Zm (ktr)Z ′∗m (ktr)
+
[
|Zm (ktr)|2 + k
2
z + k
2
|kt|2
(∣∣∣Z ′n (ktr)∣∣∣2 + m2|kt|2r2 |Zm (ktr)|2
)]
= [amb∗m]
√
µ
}
.
(S6)
Spin density and momentum in cylindrical waveguides
The total spin density can be expressed as:
S =
0µ
−1
r
4ω
= [E∗ ×E] + µ0
−1
r
4ω
= [H∗ ×H] . (S7)
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For arbitrary guided modes in a cylindrical waveguide with electromagnetic field given by Eqs. (20), the spin density
obeys the following expressions:
Sr = 0, (S8a)
Sθ =
1
2ω
1
rµr
[
kz
kt
Z∗m (ktr)Z
′
m (ktr)
(|am|2+ |bm|2µ)
+
2m
k2t r
k |Zm (ktr)|2= [amb∗m]
√
µ
]
, (S8b)
Sz =
1
2ω
1
rµr
1
|kt|2
{
m
ktr
Zm (ktr)Z
′∗
m (kt)
(
k2z + k
2
) (|am|2+ |bm|2µ)
+2kzk
[∣∣∣Z ′m (ktr)∣∣∣2 + m2|kt|2r2 |Zm (ktr)|2
]
= [amb∗m]
√
µ
}
, (S8c)
The spin angular momentum,
PS =
1
2
∇× S. (S9)
yields:
PSr = 0, (S10a)
PSθ =
1
4ω
1
rµr
{
m
k2t r
[
k2z
(
|Zm (ktr)|2 − k
2
t
|kt|2
(
|Z ′m (ktr) |2 +
m2
|kt|2r2 |Zm (ktr) |
2 − 2
ktr
Zm (ktr)Z
′∗
m (ktr)
))
+k2
(
(ktr)
−1Zm (ktr)Z
′∗
m (ktr)− Zm (ktr)Z
′′∗
m (ktr)−
k2t
|kt|2 |Z
′
m (ktr) |2
)] [|am|2+ |bm|2µ]
+2kzk
[
1
|kt|2r
(
(m+ 1)
∣∣∣Z ′m (ktr)∣∣∣2 + 2 m2|kt|2r2 |Zm (ktr)|2
)
+k−1t
(
1− m(3m+ 1)
k2t r
2
)
Z∗m (ktr)Z
′
m (ktr)− k−1t Z
′
m (ktr)Z
′∗
m−1 (ktr)
]
= [amb∗m]
√
µ
}
, (S10b)
PSz =
1
4ω
1
rµr
{
kz
[
k2t
|kt|2
∣∣∣Z ′m (ktr)∣∣∣2 + ( m2k2t r2 − 1
)
|Zm (ktr)|2
] [|am|2+ |bm|2µ]
+
4mk
ktr
Z∗m (ktr)Z
′
m (ktr)= [amb∗m]
√
µ
}
, (S10c)
Finally, the canonical (orbital) part PO of the momentum density can be expressed (in cartesians coordinates) as:
PO =
0µ
−1
r
4ω
= [E∗ · (∇)E] + µ0
−1
r
4ω
= [H∗ · (∇)H] , (S11)
where we use the notation
(X∗ · (∇)Y)i =
∑
i
X∗i
∂
∂xi
Yj . (S12)
Bear in mind that Eq. (S12) is only valid in cartesians coordinates. The direct replacement of the ∇ operator by its
expression in other coordinates system is wrong. It is necessary to change the expression accordingly. After some
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algebraic manipulation we arrive to:
POr = 0, (S13a)
POθ =
1
4ω
1
rµr
1
r
{
1
|kt|2
∣∣∣∣Z ′m (ktr)− mktrZm (ktr)
∣∣∣∣2 [m (k2z + k2) [|am|2+ |bm|2µ]− 4kzk= [amb∗m]√µ]
+
2m(m− 1)
|kt|2ktr Zm (ktr)Z
′∗
m (ktr)
[(
k2z + k
2
) [|am|2+ |bm|2µ]+ 4kzk= [amb∗m]√µ]
+m |Zm (ktr)|2
[|am|2+ |bm|2µ]} , (S13b)
POz =
1
4ω
1
rµr
kz
{[
|Zm (ktr)|2 +
[∣∣∣Z ′m (ktr)∣∣∣2 + m2|kt|2r2 |Zm (ktr)|2
]
k2z + k
2
|kt|2
] [|am|2+ |bm|2µ]
+
8m
|kt|2r
kzk
kt
Zm (ktr)Z
′∗
m (ktr)= [amb∗m]
√
µ
}
, (S13c)
which, upon comparing to the energy density (S2), it can be shown that the orbital momentum exhibits the expected
dependence with the longitudinal wavevector kz:
PO
W
=
kz
ωn2
. (S14)
Orbital and Spin momenta in cylindrical waveguides for the hybrid HE11 mode
The orbital angular momentum from Eq. (36) for the hybrid HE11 mode reads:
POr = 0 (S15a)
POθ =
1
4ω
1
rµr
1
r
{
1
|kt|2
∣∣∣∣Z ′1 (ktr)− Z1 (ktr)ktr
∣∣∣∣2 [(k2z + k2) [|a1|2+ |b1|2µ]− 4kzk= [a1b∗1]√µ]
+ |Z1 (ktr)|2
[|a1|2+ |b1|2µ]} , (S15b)
POz =
1
4ω
1
rµr
kz
{[
|Z1 (ktr)|2 +
[∣∣∣Z ′1 (ktr)∣∣∣2 + |Z1 (ktr)|2|kt|2r2
]
k2z + k
2
|kt|2
] [|a1|2+ |b1|2µ]
+
8
|kt|2 kzk
Z1 (ktr)Z
′∗
1 (ktr)
ktr
= [a1b∗1]
√
µ
}
. (S15c)
And the spin momentum, from Eq. (35):
PSr = 0, (S16a)
PSθ =
1
4ω
1
rµr
{
1
r
[
|Z1 (ktr)|2
k2t
− 1|kt|2
∣∣∣∣Z ′1 (ktr)− Z1 (ktr)ktr
∣∣∣∣2
] (
k2z + k
2
) [|a1|2+ |b1|2µ]
+4kzk
[
1
|kt|2r
[∣∣∣Z ′1 (ktr)∣∣∣2 + |Z1 (ktr)|2|kt|2r2
]
+
(
1− 2
k2t r
2
)
Z∗1 (ktr)Z
′
1 (ktr)
kt
]
= [a1b∗1]
√
µ
}
, (S16b)
PSz =
1
4ω
1
rµr
{
kz
[
k2t
|kt|2
∣∣∣Z ′1 (ktr)∣∣∣2 + ( 1k2t r2 − 1
)
|Z1 (ktr)|2
] [|a1|2+ |b1|2µ]
+
4
r
k
kt
Z∗1 (ktr)Z
′
1 (ktr)= [a1b∗1]
√
µ
}
. (S16c)
